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Abstract 

We study, in the path realization, crystals for Demazure modules of affine 
Lie algebras of types a£° , , CP , d£ ] , 4n-i, 4n . andD^ ] +1 . We find 
a special sequence of affine Weyl group elements for the selected perfect 
crystal, and show if the highest weight is ZAo, the Demazure crystal has 
a remarkably simple structure. 

Introduction 

Let g be a symmetrizable Kac- Moody algebra. Let U q (g) be its quantized univer- 
sal enveloping algebra and V(X) be the integrable £/ g (g)-module with dominant 
integral highest weight A. Let W be the Weyl group of g. Fixing an element w 
of W, the Demazure module V W (X) is defined as a finite dimensional subspace 
of V(X) generated from the extremal weight space V(X) W \ by the e< generators 
of U q (g). Though the Demazure module itself can be defined in the same way 
for the classical case q = 1, we stay in the quantum case. The reason is the 



existence of a "good" basis. Let (£(A), 23(A)) be the crystal base of T^(A) [Kl| 



In [K2|, Kashiwara showed there exists a subset B W (X) of B(X) such that 



V W (X)= Q(q)G x (b). 
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Here G\(b) is the lower global base [K3|. Moreover, B W (X) has a quite remark- 
able simple recursive property: 

If r lW y w, then B rzW (X) = \J f?B w {\) \ {0}. 

n>0 

Here Ti is a simple reflection of W and >- denotes the Bruhat order. In fact, using 
this property Kashiwara gave a new proof of Demazure's character formula for 
an arbitrary symmetrizable Kac-Moody algebra |K2|. 

Let us now focus on the quantum affine algebra U q (o), where g is of affinc 



type. In this case, we have a description of 0(A) in terms of paths |KMN1 



KMN2]. Roughly speaking, the set of paths is a suitable subset of the half 
infinite tensor product of a "perfect" crystal B which is a crystal of a finite 
dimensional t/g(g)-module having some nice properties [KMN1 . On this set, 
the actions of and fi are explicitly given. In [KMOU|, we gave a criterion 



for B w {\) to have a tensor product structure. To describe the general situation, 
the mixing index k was introduced. Taking k = 1 for simplicity, the result 



in [KMOU| is stated as follows. Consider an increasing sequence {w^} k > of 



W with respect to the Bruhat order. If a perfect crystal B and {w^} satisfy 
several assumptions, then B w tk) (A) is given by 



B(X) c 
U 

0«;(<<)(A) = 



Here j, a arc determined from k, Ba is a subset of B, and b = 



B ® B 
b J+2 ® bj+i 



B 



)B( 



)B 
B. 



(0.1) 



>6i 



is the ground state path corresponding to the highest weight vector in £>(A). 

The purpose of this article is to show that if A = IAq (we also discuss some 
other similar cases), we can find the sequence {w 1 -^} satisfying ([ll]) for g of 
classical types (i.e. g = A { n\ d£\ 4n-i. 4n> ^i+i. We choose the 

perfect crystal B from the list in [ KMN2|| except for the Cn case. To illustrate, 



we take an example of g = , B — B(A2). The crystal graph of B is given in 
Figure 1. Since B is a level 1 perfect crystal, let us take A = Ao. Then the path 
b is given by 

5 ="-®[!]®H®[!]®[!]- 

In this case, the sequence of Weyl group elements {w^ k '}k>o is given as follows: 



,(«) 



1. 



= (fc > 0), 



where % = (fc = 0, 3), i = 3 (k = 1, 6), i = 1 (k = 2, 5), i = 2 (fc = 4,7). Here 
= denotes 'congruence modulo 8'. The integers j, a in ( p.l| ) are determined from 
k by k = 4(j — 1) + a, j > 1, < a < 4, and B^ are given as follows: 
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Figure 1: Level 1 perfect crystal B{A.2) for 



B o - 



If j is odd, 

& = {§ » & = ^ } U{|} , & = B^§} , = ^Ufll) . 

If j is even, 

{§ , B? = BPU§} , B« = BPu§} , i#> = B«U{||} . 
This paper is organized as follows. In the next section, we review perfect 



crystals, Demazure crystals and the criterion developed in [KMOU]. From sec- 
tion 2 to 8, we list the sequence of Weyl group elements {w^}, the subset 
Ba C B and other important data for Demazure crystals. In the last section, 
some observations and conjectures are given. 



1 Crystals for Demazure modules 

In jKMOll , a criterion for Demazure crystals is presented. It clarifies their 
tensor product structure, and involves a parameter k which measures the degree 
of mixing. Here we summarize the criterion for k = 1. 

1.1 Perfect crystal 

We follow the notations of the quantized universal enveloping algebra and the 



crystal base in [KMN1|, except that we shall use a different font for the crystal 
base (C(X),B(X)) of the irreducible highest weight module V(A) in order to 
avoid the confusion with the crystal base (L,B) of V in Mod^(g,P c j) which 
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may also have an argument. We review necessary properties of perfect crystals. 



Our main reference is [KMN1] 



Let B be a perfect crystal of level I. Then for any A € (P^i)i, there exists 
a unique element 6(A) E B such that ip(b(X)) = A. Let a be the automorphism 
of (P+) i given by aX = e(b(X)). We set b k = b(a k - l X) and A fc = a k X. Then 
perfectness assures the following isomorphism of crystals. 

B(A fc _i) ~B(X k )®B. (1.1) 

Define the set of paths V(X,B) by 

V(X,B) = {p= •■•®p(2) ®p(l) | p(j) £ B,p(k) =b k for k > 1}. 

Iterating the isomorphism (fLl|), we see B(X) is isomorphic to V(X,B). Under 
this isomorphism, the highest weight vector u\ in B(X) corresponds to the path 
p = • ■ ■ ® 6fc <8> • • • <8> &2 ® bi , which we call the ground state path. The actions of 
e.i and fi on V(X,B) are determined by signature rule, which we explain in the 
next subsection. 

1.2 Signature rule 

We need to know the actions of and fi on the set of paths V{X 1 B). To see 
this, we consider the following isomorphism. 

V(X, B) ~ B(Xk) ® B® k . (1.2) 

For each p G V(X,B) 1 if we take k sufficiently large, we can assume that p 
corresponds to u\ k ® p(k) ® ■ ■ ■ ® p(l) with u\ k the highest weight vector of 



£>(Afc) and p(j) eB (j = 1, • • • , k). Then we apply Proposition 2.1.1 in |KN| to 
see on which component or fi acts. Let us suppose that or fi acts on the 
j'-th component from the right end. If j < k + 1, we have 

e 4 p= •••<8>e i p(j)<8)---<g>p(2)<8>p(l) (1.3) 

or 

fiP=---® fip(j) ® ■ • • ®p(2) ®p(l). (1.4) 

If j = /c + 1, we see we should have taken fc larger. This happens only for fi. 
This determination of the component can be rephrased using the no tion of 



signature. Let p e V(X, B) correspond to u\ k ® p(k) (g> • • • <g>p(l) under (1.1) as 
above. With p(j) (1 < j < k), we associate 

M) - ( F U) . . . Jj)\ 
t — V fc l ; ) fc m /' 

m = £i(p{j)) + <Pi(p(j)), 

e« = -, if 1 < a < Ei(p(j)), +, if Ei(p(j)) <a<m. 
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For the highest weight vector u\ k , we take 



= (+,■■■,+). 

We then append these e^'s so that we have 

e= ( e (*+i) )C W ... >e (i)). 

We call it (i-)signature of p truncated at the fc-th position. 
Next we consider a sequence of signatures. 

e = VQ,Vir ■ ■ ■tax- 
Here Vj+i is obtained from r)j by deleting the leftmost adjacent (+, — ) pair of 
rjj. Eventually, we arrive at the following signature 

Imai = ( — j ' " ' ) j +1 ' ' j 4")) 



with n± > 0. We call it the reduced signature and den ote by e. 

The component on which Ci or /$ acts in (1.3) or ( jO| ) reads as follows. If 



n_ = (resp. n+ = 0), we set eip = (resp. ftp = 0). Otherwise, take 
the rightmost — (resp. leftmost +), and fin d the co mp onent to which it 
belonged. Then, this j is the position in ( |j~3| ) (resp. (|l.4j) ) we looked for. Note 
that if fc is large enough, the position j does not depend on the choice of k. 

Remark 1.1 Of course, this signature rule can be applied to the tensor product 
of crystals B\ ® ■ ■ ■ £g> £?/ . 



Example 1.1 Let g = A\ , B be the classical crystal of the 3- dimensional 
irreducible representation. Its crystal graph is described as follows. 

B 00^01^11 

o o 

It is known that B is perfect of level 2. We have isomorphisms B(X) ~ V(X, B) 
for A = 2A , A + Ai,2Ai- Let A = 2A . We see X k = 2A (k : even), 2Ai 
(k : odd). The ground-state path is given by 

p = ■ ■ ■ ® 11 (g) 00 <g> 11 <8> 00 <8> 11. 

Consider a path 

p = ■ ■ ■ ® 11 ® 01 ® 01 ® 01 ® 00. 
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The dotted part of p is the same as that of p. Then the 1-signature of p truncated 
at the 5-th position and its reduced signature read as follows. 

e = (++, ,-+,-+,-+,++), 

4 2 11 

e = (- + + +). 

Here the number above each sign shows the component to which it belonged. 
Consequently, we have 

i lP = ■ ■ ■ ® 11 ® 00 <g> 01 <8> 01 ® 00, 
f lP = ■ . ■ ® 11 (g) 01 (g> 01 <g> 11 (g> 00. 

1.3 Demazure crystal 

Let be the set of simple reflections, and let W be the Weyl group. 

For w <E W, l(w) denote the length of w, and -< denote the Bruhat order on 
W. Let Uq(o) be the subalgebra of U q (g) generated by e^'s. We consider the 
irreducible highest weight [/ 9 (g)-module V(X) (A G P^). Let T4,(A) denote the 
C/+(g)-module generated by the extremal weight space V(X) W \. These modules 
V W (X) (w e W) are called the Demazure modules. Let (£(A), 23(A)) be the 



crystal base of V(X). In [K2| Kashiwara showed that for each w £ W, there 



exists a subset B w (A) of 23(A) such that 

VL,(A)n£(A) 
K,(A) ng£(A) 

Furthermore, B W (A) has the following recursive property. 

If riW >~ w, then 

B riW (X)= (J /r^W\{0}. (1.5) 

n>0 

We call 2?u,(A) the Demazure crystal associated with the Demazure module 
V W {X). 

1.4 Criterion 



In this sebsection, we review the result of [ KMOU[ whe n k = 1. (For the 



definition of the mixing index n, see section 2.3 of [KMOU|.) 

Let A be an element of (P5)i, and let B be a classical crystal. To state the 
result, we need to assume four conditions (I- IV). 

(I) B is perfect of level I. 



G 



Thus, we can assume an isomorphism between 6(A) and the set of paths V(X, B). 
Let p = ■ ■ ■ (g>&2 <8> &i denote the ground state path. Fix a positive integer d. For 
a set of elements i„ (j > 1, 1 < a < d) in 7, we define (j > 1, < a < d) 
by 

= 5«= U^w S a-i\{0} (a = l,-,d). 

n>0 

(II) For any j > 1, = B. 

(III) For any j > 1 and 1 < a < d, (X jt hjj) ) < e.w (b) for all b € B^l v 
We now define an element of the Weyl group W by 

w (0) = 1, w {k) = r iU )W {k ~ 1] for k > 0. 

Here, if k = 0, we set j = 1, a = 0, and otherwise, j and a are fixed from k by 
fe = (J- l)d + a,j > 1, 1 < a< d. 

(IV) -< -< < W (fe) 

We shall discuss how to ch eck this condition in the next subsection. 
Then the statement of [KMOXJ] reads as follows. 



Theorem 1.1 (| KMOU |) Under the assumptions (I-IV), we have 
B wW {X)~u Xj ®B^ ®B^-^. 

1.5 Extremal vectors 

We present a proposition which is convenient to determine the extremal vectors. 
For an element b in B or B(X), let /" lax 6 stand for f^ b 'b. Assume B is perfect 
of level Therefore, for any A S (P5)i we have the isomorphism. 

B(X) ~ V(X,B). (1.6) 

For w S W, let us denote by u w \ the vector in the lower global crystal base of 
weight wX. Then we have 



u w x = u\ if w = 1, 
hiwx = fi m) u w x if m = (wX, hi) > 0. 



(1.7) 



(see section 3.2 of [K2 for this along with the definition of f[ m ^)- note that we 
can regard u w \ as an element of (A) since the wX weight space is one dimensional, 
again since r^wA weight space is one dimensional, in (A), using (1-7) we can 

and do identify u TiW \ with these u w \ are called extremal vectors. We 
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want to find out the extremal vector u w (k)x in the right hand side of ( Jl . 6[ ) . For 
any j > 1 , we set 

b^ = bj, bW=f%rbW 1 (a = l,---,d). 



Proposition 1.1 Assume that condition (III) holds. If e.( 3 ) (b^) = 0, 

l a + l 



tp. w (bP) > (a = 1, • • • ,d), b" +1) = ftlZ b* with mU+1) = (Ai+i,W)> 
/or any j > 1, then we have 

u w m x = ■ ■ ■ ® b j+2 ® ® 

Here, if k = 0, me set J = 1, a = 0, and otherwise, j and a are fixed from k by 
k = (J — l)d + a, j > 1, 1 < a < d. Also should be understood as ^ . 

Proof. We prove by induction on fc. If fc = 0, the statement should be under- 
stood as 

u u><°>A = • ' ' ® b 3 (g) &2 ® &i- 
Thus it is trivial for «/ ' = 1. 

Now assume k > 0. First, we assume a ^ 1. From the induction hypothesis, 
we have 

«„(*-i)A = • • • ® &j+2 ® ® 

From the assumption of the proposition and the condition (III), we have 
e#> - 0, Vi u, (6« x ) > 0, (A„ = 0. 

Setting v — <p-V)(ba-i)i the i„ -signature of u w (k-x)\ reads as (+",■■■ ,+ v ). 

j 

Since (w (fc_1) A, /i.oj ) = J^W) - ^W) (&a-i)) = .M it: is now clcar tnat 

_ _ pju 

= ■■■®b 0+2 ®b + l ®{f^ ) _ 1 )^ 

= ■■■®b j+2 ®b j+1 ®(b^)®>. 

Taking the assumption b^^ = f$+t) tfP mto account, the proof in the 

case of a = 1 can be done similarly. This completes the proof. I 

This proposition can be used to check condition (IV). In fact, assuming 
the above proposition we can show (IV). Let us consider the situation where 
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condition (IV) is satisfied up to w^ k \ Then we easily have e.<j) (u w (k)\) = 0, 



(w^X,h.(j) ) = ip.Qt (u w (k) X ) > 0. Noting Proposition 2 in [KMOU], we get 

l a + l *a + l 

w ( k + 1 ) — r u) w ( k ) y. nj)( k ) : which proves (IV) for In the cases we shall deal 

with in this paper, we choose suitable known perfect crystals hence condition 
(I) already holds. Thus, we are going to check (II), (III), and condition (IV): 

(IV) For any j > 1, 0) = 0, <p iU} _(&<?*>) > (a = 1, ■ • • , d) and = 

M 



f T (j+i) ) ^p with m^ +v> = (Aj+i, h.Q+i)) (i^h should be understood as 



which implies condition (IV). 



case 



In this section we give explicit descriptions of the A^P Demazure crystals 
B W (IA ), I > 1 for a suitably chosen linearly ordered chain of Wcyl group ele- 
ments w 6 {w^\k > 0}. (Note that due to the Z n+ i-symmetry we can obtain 
B w (lAi) for all i.) Our starting point is the perfect crystal B of level / which 



is isomorphic to B{lK k ) as crystals for U q (A n ) JKMN2J. As it can be seen the 
mixing index k = 1 in these cases. The Dynkin diagram A„^ (n > 2) is shown 
in Figure |^. The labels are the levels of the fundamental weights corresponding 
to the vertices. 




2.1 Description of the perfect crystal 

Let / = Z/(n + 1)Z be the index set of the simple roots for U q (An ) and 
let J = {1, • ■ • , n} be that for U q (A n ). For i £ I we define t,M : J ^ / by 
tW (j) = i + j mod n+l, 7 (i) : J -> I by I w (j) =i-j mod n + 1. Let B(ZA fe ) 
(1 < k < n) be the crystal of type A n as described in [KN]. Then for any 
integers k, I such that 1 < k < n, I > 1, there exists a unique crystal £> = _B fc,i 
of type such that L^*{B k ' 1 ) = B(l~K k ) and l^*(B k ' 1 ) = B(lA k ') for all i, 
where k' = n + 1 — k. This -B fe,z is perfect of level I. 
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We review the crystal B(lAk) here. Set K = {1, 2, • • • , n, n + 1}. With each 
b € B(lAk), we associate a table (my'){i<i<j£.i<i'<i} = where m,,^ € 

K,mi : ii < m^jz+i and m^j' < m,-+i To see the actions of §j and /j (j ^ 0), 
we begin with the case of / = 1, each element in B(A k ) corresponds to a column 
{mi)i<i<k such that rm S K,rrii < mj+i. ij(rrii) (resp. fj{mi)) is obtained by 
changing j + 1 in the column to j (resp. j to j + 1). If there is no j + 1 (resp. jf) 
in the column, or the result breaks the requirements m t < m^+i (1 < i < fc), the 
action should be set to 0. To deal with the general case, we define the following 
injection. 

B{lA k ) ^ B(K k ) ® B(K k ) ® ■ • ■ ® S(A fe ) (2.1) 

where (™| a ' ) ) denotes the a-th column in the table (rrii^). Then, the actions on 
B{lkk) are defined so that they commute with this injection. The actions on 



the right hand side of (2.1) can be calculated using the signature rule in section 

El 

The description of the bijection a is as follows. Let us use the notation 
A = (to ,toi, • • ■ ,m n ) for A = X«=o TOi ^- Trien i 

a : (too,toi, • • • ,m k >-i,mk>, ■ ■ ■ ,m n ) h-> {m kl m k+ll ■ ■ • ,m„,m , • • • ,m fc _i). 

Next we describe p. Fixing j, we consider the following sequence of integers: 

n + 2 — jk, n + 3 — jk, ■ ■ ■ , n + 1 — (j — l)k. 

If there is no integer congruent to mod n + 1 in the above sequence, then 
m(bj) is given by rrii.i> = i + n + 1 — jk mod n + 1. If it is not the case, let a be 
the position of the integer congruent to mod n + I. Then, m(bj) is given by 
= i (1 < i < k — a), = i + k' (k — a < i < k). Here and in what follows in 
this section, we set k' = n + 1 — k. In either case, mi t i> does not depend on i' . 

2.2 Description of Demazure crystals 

We set d = kk . We wish to present i a ■ For this purpose, it is convenient to 
associate (g,r) with a. Fixing a (1 < a < d), we set 
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a - 1 



r = a — 1 — kg, 



where [7] denotes the largest integer not exceeding 7. Note that < g < 
k — 1, < r < k' — 1. Then, is given by 

= M 1 - j) - 9 + r - 

Now we have 
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Theorem 2.1 With the above choice of i£ and d, B satisfies (II), (III) and 
(IV). 

Thanks to the symmetry under tfi'*, we can reduce checking the conditions to 
that for a particular j. We choose it to be n + 1. Then we have ia +1 ^ = k — g + r. 
Considering the ranges of g and r, wc know ^ for any a (1 < a < d). 

This reduces the problem for B to that for B(lAk). We need the following data: 
m(b n+ i) is given by m^j/ = i, and m{b n+ 2) by m,i t i> — i + k'. 

Proposition 2.1 For a, take g,r as above. Then, 

(1) B ( a n+1) = {to m , | m M , = i (i < k - g), m k _ g ^ < k - g + r + 1}. 

(2) m(&i n+1 ^) is given by rrii^ — i (i < k — g), = k — g + r + 1 (i = k — g), 

= i + k' (i > k~ g). 

Proof. We prove by induction on a. First, look at (1). If a = 1, we have 
g = r = 0, ii + = fc. The assertion is clear from the application rule through 
Now set £? a to be the r.h.s. of (1). For any a (1 < a < d), we are to show 

B a = y q n+1) B a ^ \ {o}, 

m>0 

which is equivalent to show both 

B a D |J f^Ba-i \ {0} and ~B a —i D \J e^ +1) B a \ {0}. 

m>0 m>0 

These are also clear from the application rule. 
The proof of (2) is similar. I 



3 BW case 

In this section we give explicit descriptions of the Bn^ Demazure crystals 
B W (IA), I > 1, A = Ao,Ai,A„ (level one dominant weights) for a suitably 
chosen linearly ordered chain of Weyl group elements w € {u/ fc )|fc > 0}. Our 
starting point is the perfect crystal B of level / which is isomorphic to B(lAi) 



as crystals for U q (B n ) [KMN2]. As it can be seen the mixing index k = 1 in 

these cases. The Dynkin diagram B„ (n > 3) is shown in Figure ||. The labels 
are the levels of the fundamental weights corresponding to the vertices. 
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O 1 



o- 
i 



o 

2 



o 

2 



o 

2 



>o 

1 



Figure 3: Dynkin diagram Bn (n > 3) 



3.1 Description of the perfect crystal 

For any integer I > 1, we recall the perfect crystal B from [ KMN2fl . As a set 



Ol, 


x 2 + 1, ■ 


•,£2,2:1 - 1) 


if 2; 2 > 2:2, 




(xi 


+ 1,2:2, • 


• ,x 2 - 


if 2; 2 < x 2 , 




(xi, 




+ 1, • • ■ 


ifxj+i 


> x i+ i 


(xi, 


• • • , Xi+l 


- l,Xi + 1, • • ■ 


ifxi+i 


< Xi+l 


for « 


= 1,2,-- 


• , 71 — 1 , and 






(xi, 


' ' ' j %n ~ 


l,2:o + ■ 


■•,a?l) ifxo 


= 0, 


(xi, 




■■,x~i) ifx 


= 1. 



B = {(xx, • • • ,x n ,x ,x n , ■■■,x 1 )eZ 2n x {0, 1} ^„ ^ 1 ^^ ' 

(3.1) 

The action of fi is defined as follows: For b = (xi, ■ ■ ■ , x n , xq, x n , ■ • ■ , X\) 6 B 
fob = 
fib = 



fnb 



The action of i{ is given by eft — b' if and only if fib' — b. tpt and S{ are given 

by 

(f (b) = X! + (x 2 - x 2 )+, <p n {b) = 2x„ + x , 

<Pi(b) = Xi + (x l+1 - x i+ i)+, ei(b) = Xi + {x i+ i -x i+ i) + , 

for i = 1, 2, • • • , n — 1, and 
£0(6) = xi + (x 2 - x 2 )+, e n {b) = 2x n + x , 

where (x) + = max(a;, 0). Also wt(b) = Y^oififi) ~ £ i(b))^i- 
Furthermore, in this case the automorphism a is given by 

a : (too, mi, m 2 , • • • ,m n ) — > (toi, to ,to 2 , • • • , to„) 

for A = Y^i=a m i^-i- Choose 6(ZAj) 6 B as follows: 

(0,0,---,0 i = Q, 

b(i) = b{lAi) = { (/,(),•■•, 0) i = l, 

(0, • • ■ , 0, to, a^o, m , 0, • • • , 0) i = n, 
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where xq — e(l) and m = h(l — xo). Here and in what follows, we use the 
function 

^)={;i;:r°' ^ 

Then note that ip(b(i)) = lAi, i = 0, 1, n. So the highest weight vector u\ with 
A = lAi corresponds to the ground state path p = ■ ■ ■ <g) bk <8> • • • ® bi ® ~b\ as 

lk = J 6(e(fc + i + l)) i = 0,l, 



6(n) i = ra. 

Thus we have, for A = Z Aj , i = 0, l,n., 

A = f lK(k+i) i = or 1, 
1 i — n. 

3.2 Description of Demazure crystals 

For A = ZAo, i > 1, set d = 2n — 1 and choose the sequence {i^ |j > 1, 1 < a < 
2n — 1} defined as follows: 

= l ^ ) _ Q = a for 2 < a < n. 

Theorem 3.1 For A = IAq, with the above choice of ia cind d, B statisfi.es 
(II), (III) and (IV). Furthermore, in this case, 

R 0O _ / {(0,0, •••,0} 3 odd, R C0 _ R 
^ ~\ {(/,0,---,0)} j even, 

andforl<a<n-l, B [ a j) and S^L_ a C B are given as follows: 



BP 

B. 



{(0,a;2,---,x Q+ i,0,---,0,a;i)} j odd, 
{{xi,x 2 , ■ ■ ■ ,x a+ i,0, ■ ■ ■ ,0)} j even, 

(j) _ f {(0)^2, ■ ■ • ,Xn-o+l,Q}-"*)0,Sl)} j odrf, 

n+a_1 1 {(zi, #2, ■ ■ • ,x n -a+i, 0, • ■ • , 0)} j even. 



Here on each set Xi 's and Xi 's run over non negative integers satisfying the 
conditions in (3.1). Also, b$ are given as follows: 

Of {(0,0,---,0} jodd, u) J {(i,0,.-.,0)} jodd, 
°° \ {(1,0,. -.,0)} jewen, \ {(0, 0, • • • , I)} j even, 

and for 1 < a < n — 1, 

6« = (0,---,0, I ,0,-.-,0), 6^ -i = (0,---,0, j ,0,-,0). 

a +! n-a+1 
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Proof. Since the j:odd case is similar, we only consider the j:even case, where 
Aj = IA , b s = (1, 0, • • • , 0), ii n = 4i } _ = a (1 < a < n). 

Recalling the definitions in section |l.4| , the determination of the subset Ba^ 
for < a < n is easy. Let us consider B^) x . By definition, 

B ( Jlx= |J / n m i{(^i,'--^„,xo,x„,0,---,0)}\{0}. 

m>0 

In view of the rule of / n -i, we see 

(*£l : ' ' ' : %n 3 %0 3 %n j •^■n— 1 3 O3 ' ' ' 5 0) 

— /n— 1 (^1 ' ' ' ' ' *^n— 1 "I - 1 %n ^ni 1 — 1 3 O3 ' ' ' 3 0)] 

where z n = (x^ — This formula proves 

B n _^_^ = {(^1? ' ' * ) ) ^0 7 ^rii ^n— 1 3 0; ' ' ' 3 0)}- 

The other cases are similar. Thus we have B^-i = B, and checked the condition 
(II) with d = 2n — 1. Since (Xj,h.u)) = {lAo,h.u)) — for 1 < a < d, the 
condition (III) is trivial. 

The calculation of ba is simpler. From the rules of Si and tpi, we see 
0) = 0, p a) = i (o ^ n - 1), 21 (o = n - 1), (A j+i , «+u ) = 

V+l V+l 1 

and &o 3+1 ^ = &j . Therefore, we have checked (IV). I 

Remark 3.1 /n an analogous manner it can be seen, Theorem \l.f[ holds for 
A = lAi, i = l,n i/ we choose ia as follows: 

i = l : iO) = i W_ 1 = e 0-), 

*^ = 41-a = a /or 2 < a < n. 
i = n : = n — a + 1 /or 1 < a < 71 — 1, 

= (1,0) or (0,1), 
4+a = « /or 2 < a < n - 1. 



4 £#> 



case 



In this section we give explicit descriptions of the Demazure crystals 

B W (IA), I > 1, A= A , Ai, A„_i, A„ (level one dominant weights) for a suitably 
chosen linearly ordered chain of Weyl group elements w £ {u;W|fc > 0}. Our 
starting point is the perfect crystal B of level / which is isomorphic to B(IA\) 



as crystals for U q (D n ) [KMN2|. As it can be seen the mixing index k = 1 in 

these cases. The Dynkin diagram Dn (rt > 4) is shown in Figure [|. The labels 
are the levels of the fundamental weights corresponding to the vertices. 
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O 1 



Oi 



o- 
i 



o 

2 



o 

2 



o 

2 



-o 

1 



Figure 4: Dynkin diagram D„ (n > 4) 



4.1 Description of the perfect crystal 

For any integer I > 1, we recall the perfect crystal B from [ KMN2fl . As a set 



B 



27) 



— 01" X — j X j 5 x^ ^* - 



The action of /j is defined as follows: For & = (xi, • • • , x n ,x n , ■ • ■ ,x"i) £ B 
fob = 



(4.1) 



fib 

fn-lb 

fnb 



(xi,X2 + 1, ■ --,X2,Xi - 1) ifx 2 >x 2 , 
(xi + 1,X2, • • • ,x 2 - l,xi) ifx 2 <x 2 , 

(xi, • • -,Xi - l,x i+ i + 1, • • • ,Xi) if x i+1 > x i+ i, 

(xi, • • • ,x, + i - l,Xj + 1, • • • ,xi) if Xj+1 < Xi+i, 
for i = 1, 2, • • • , n — 2, and 

(xi, • • • , x n _i - l,x„ + 1, • • • ,xi) if x n > 0,x„ = 0, 

(Xl, • • • , X n ,X n ~ l,X„_x + 1 • • • ,Xl) if X n — 0,X„ > 1, 

\X\ , • • • , x n 1, x n , x n —i -\- 1, • • • , Xi) if x n ^ 1, x n 0, 

V*^l ) ' ' " ; Xn— 1 1 j X n , X n -|- 1 • • • , X\ ) if X n 0, X n ^ 0. 



The action of is given by e-ib = b' if and only if fib' — b. ipi and Si are given 
by 

(f (b) = Xl + (x 2 - X 2 ) + , Vn-l(6) = X„_i + X„, ip n (b) = X n -1 + X„, 

ifii(b) =Xi + (x i+ i - x i+ i) + , £j(6) = Xi + (x i+ i -x;+i)+ 

for i = 1, 2, • • • , n — 2, and 
e (b) = xi + (x 2 - x 2 )+, e n _i(6) = x„_i + x n , £„(&) = x n _i +x„, 

where (x)+ = max(x,0). Also wt{b) — X)"=o(V i (^) — £ i(b))^i- 
Furthermore, the automorphism a is given by 



a : (to , toi,to 2 , • • • , to„_ 2 , to„_i, to„) — > (mi, toq, to 2 , • • • ,to„_ 2 ,to„, m„_i) 
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for A = X^r=o m i^i- Choose b(lAi) 6 B, i = 0, 1, n — 1, n as follows: 



b(i) = b(lAi) 



(0,0,-- •, I) i = 0, 

(i,0,---,0) i = l, 

(0,.--,0,f,0,---,0) i = n-l, 

n 

(0, • • ■ ,0, Z,0, - ■ ■ ,0) i = n. 



Note that cp(b(i)) — IA4, i — 0, 1, n — l,n. the highest weight vector ma with 
A = ZAi corresponds to the ground state path p = ■ ■ ■ ® ® • • • ® 61 with 



6* 



&(e(fc + i + l)) * = 0,1, 

6(n — e(/c + n — i + 1)) i = n — l,n. 



Here e(i) is defined in (|3.2j). Thus we have, for A = IKi, i = 0, 1, n — 1, n, 

A fe = 



l^-e(k+i) 1 = 0,1, 

lAn-e(k+n-i) t = 71 - 1, n. 



4.2 Description of Demazure crystals 

For A = ZAo, £ > 1, set d = In — 2 and choose the sequence {i(P\j > 1, 1 < a < 
2n — 2} defined as follows: 



4 2n-2 



<?' + !), 



- (n-l,n), 



%La-i = a /or 2 < a < 71 - 2. 



Theorem 4.1 For A = ZAo, iwi/i the above choice of $P and d, B statisfi.es 
(II), (III) and (IV). Furthermore, in this case, 



BP = 



{(0,0, •••,0} J odd, 
{(1,0, ■ • • ,0)} j even, 

0) 



>B 2n _ 2 - B, 



and forl<a< 2n - 3, Bs C fl are given as follows 



B 



U) _ 



Ci) 

n+a — 1 



{(2:1,2:2, 
{(0,a; 2> - 
{(21,2:2, 

{(0,x 2j - 
{(2:1,2:2, 



,x a +i,0, ■ ■ - ,0,xi)} j odd, 
■ ,x a+ i,0, - ■ ■ ,0)} j even, 

,x n ,0, ■ ■ ■ ,0,xi)} j odd, 
•,a;„,0,---,0)} j even, 

,X n - a ,0, ■ ■ ■ ,0,Xi)} j odd, 
■ , x n -a, 0, • • • , 0)} j even, 
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where 1 < a < 11 — 2. Here on each set Xi 's and Xi 's run over non negative 
integers satisfying the conditions in Also, are given as follows: 

,(i)_f {(0,0,---,0} jodd, (j) __ f {(/,0,---,0)} j odd, 
°° \ {(/,0,.-.,0)} j even, \ {(0, 0, • • • , Z)} j even, 

b®! = (0,---, 0,1,0,-. -.0), 

n 

and for 1 < a < n — 2 ? 

6« = (0,---,0, Z ,0,---,0), 6^a- l = (0»---.0, I ,0,---,0). 

a +! n-a 



Proof. The proof is similar to £? 



Remark 4.1 JVe note f/iaf /or A = IAq choosing (i„_i,in ) = (n,n — 1) afeo 
works. Furthermore, for A = ZAj, i = l,n — \,n it can be seen, Theorem 
holds for the following choices of the sequence {ii }.' 



1J 



i = 1 



n- 1 



n — 


.■(J) 
l 2n-2 


= e(j), 






#>) = 


= (n — 1, n) or (n, n — 1), 






'2n-a 


_± = a for 2 < a < n — 2, 




M _ 
'i — 


,•03 

'2n-2 


= n - e(j), 






#>) = 


= (1,0) or (0,1), 




,'Cj) - 


Aj) 

l 2n-a 


_ 1 = n — a for 2 < a < n — 


2, 


M _ 
4 1 — 


Aj) 

l 2n~2 


= n-e{j + l), 








--(1,0) or (0,1), 




_ 


Aj) 

L 2n-a 


_j = n — a for 2 < a < n — 


2. 



(2) 

5 ■^■2n—l C3.SG 

(2) 

In this section we give explicit descriptions of the A 2 J k _ 1 Demazure crystals 
B W (IA), I > 1, A = Aq,Ai (level one dominant weights) for a suitably chosen 
linearly ordered chain of Weyl group elements w 6 {w ( - fe - ) |fc > 0}. Our starting 
point is the perfect crystal B of level I which is isomorphic to B(lhi) as crystals 



for U q (C n ) |KMN2|. As it can be seen the mixing index k = 1 in these cases. 

The Dynkin diagram -A^n-i ( n — 3) ^ s shown m Figure ||. The labels are the 
levels of the fundamental weights corresponding to the vertices. 
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Oi 



o- 
i 



o 

2 



o 

2 



2 



o 

2 



(<y\ 

Figure 5: Dynkin diagram A 2l l_i (n > 3) 



5.1 Description of the perfect crystal 

For any integer I > 1, we recall the perfect crystal B from [ KMN2[ . As a set 



B = {(xx,---,x n ,x n ,---,xi) G Z 2n \xi,Xi > 0,^(xi + Xi) = I}. (5.1) 

i=l 

The action of fi on B are defined as follows: For b — (x\, ■ • • , x n ,x n , ■ ■ ■ ,xi) G B 



fob = 

fib = 



(Xi,X2 + 1, • • • ,X2,Xi — 1) if£2>2!2, 
(Xl + l,aT2, • • • ,X~2 — l,Xt) tfX2<X2, 

(xi,- ■ ■ ,Xi - l,x i+ i + 1,- • -,xx) if x i+ i > x i+ i, 

(xi, • • • ,x i+ i - l,x~i + 1, • • • ,xi) if x i+ i < x i+ i, 
for i = 1, 2, • • • , n — 1, and 
/ n 6 (xi , • • • , x n 1 , x n -)- 1, • • • , ) . 

The action of it is given by e^fr = b' if and only if fib' — b. ipi and e$ are given 

by 

ipo(b) = Xi + (x 2 - x 2 )+, ip n {b) = x n , 

<Pi{b) =Xi + (x i+ i - x l+ i) + , 6i(b) = Xi + {xi+i -x i+ i) + , 

for i = 1, 2, • • • , n — 2, and 
s (b) =xi + (x 2 - x 2 )+, e„ {b) = x n , 

where = max(x,0). Also wt (b) = Y^oififi) ~ £ i(b))^i- 
In this case the automorphism a is given by 

a : (to , toi,to 2 , • • ■ , to„) — ► (mi, too, to 2 , • ■ • ,to„) 

for A = X)™=o m i^-i- Choose 6(i) = b{lh.i) £ B, i = 0, 1 as follows: 



6(0 = 



(0,0, •••,0 i = 0, 
(Z,0,---,0) 1 = 1. 



18 



Note that tp(b(i)) = lAi, i = 0, 1. The highest weight vector u\ with A = /A; 
corresponds to the ground state path p = ■ • • ® 6* ® • • • ® 61 with 

b k = b(e{k + i + l)). 

Here e(i) is defined in (|3.2]). We also have, for A = lAi, i = 0, 1, 

Afc = ZA £ ( fe+4 ). 

5.2 Description of Demazure crystals 

For A = IAq, I > 1, set d = In — 1 and choose the sequence {ii |j > 1, 1 < a < 
2n — 1} defined as follows: 

if = 4 ) -i = ^' + l) ! 

= z«_ a = a for 2 < a < n. 



Theorem 5.1 For A = IKq, with the above choice of ia and d, B statisfies 
(II), (III) and (IV). Furthermore, in this case, 

o(j) _ / {(0,0, ••■,0} 3 odd, (j) 
~ \ {(i,0,---,0)} j even, ~ ' 

and forl<a<2n- 2, B ( a ]) C 5 are given as follows: 



It 



{(0,x 2 ,---,a; Q+ i,0,---,0,xi)} j odd, 
{(2:1,0:2, • • • ,x a+ i,0, • • • ,0)} j even, 

_ ( {(0,x 2 , • • • ,£„_ a +i,0, • • • ,0,xi)} j odd, 
n+a ~ 1 \ {(xi,X2, ■ ■ ■ ,Xn- a +i,0, • ■ • ,0)} j even, 

where 1 < a < n — 1 . -ffere on eac/i se£ 's and Xj 's run over non negative 
integers satisfying the conditions in (5.1). Also, ba^ are given as follows: 



h U)_ {(0,0,---,0} 3 odd, U) f {(/,0,.-.,0)} jodd, 

°° \ {(Z,0,---,0)} jeuen, ° 2 "-! \ {(0,0, •■■,!)} j even, 

and for 1 < a < n — 1, 

&<f> = (0,---,0, z ,o,---,o), ^Li-(Q.-,o, j ,o,-,Q). 

a +! n-a+1 



Proof. The proof is similar to B 



Remark 5.1 For A = ZAi if can be seen similarly that Theorem 1.1 holds for 
the following choices of the sequence {ia^}-' 

i = l : i? ) =i^_ 1 = e(j), 

- 4n- Q = a /or 2 < a < n. 
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6 A^l case 

(2) 

In this section we give explicit descriptions of the A 2n Demazure crystals 
B w (l Aq), I > 1 (Ao being the level one dominant weight) for a suitably cho- 
sen linearly ordered chain of Weyl group elements w G {w^ k '\k > 0}. Our 
starting point is the perfect crystal B of level I which is isomorphic to 5(0) © 



-B(Ai)©- ■ -®B(lAi) as crystals for U q {C n ) [ KMN2 |. It is shown that the mixing 

2) 

index k = 1 in these cases. The Dynkin diagram A 2r l (n > 2) is shown in Figure 
|. The labels are the levels of the fundamental weights corresponding to the 
vertices. 



1 



o 

2 



2 



o 

2 



(2) 

Figure 6: Dynkin diagram A 27 [ (n > 2) 



6.1 Description of the perfect crystal 

For any integer I > 1, we recall the perfect crystal B from [ KMN2fl . As a set, 



B = {{xx 



■,xi)e z 2 " | Xi ,Xi > O^fa + xt) < i}. (6.1) 



The action of fi on B is defined as follows: For b = (x\, ■ ■ ■ , x n , x n , ■ ■ ■ , X\) € B, 
(xi + 1,X2, ■■■,xi) ifa;i>xi, 



fob = 
fib = 



(xi,---,X2,Xi — l) if Xi < Xi, 

(xi, ■ ■ ■ ,Xi - l,x i+ i +1, ■■■ ,xx) if x i+ i > x i+ i, 
(xx, ■ ■ ■ ,x l+ i - + !,••■ ,xx) if x i+ i < x i+1 , 



for i = 1, 2, ■ • • ,n — 1, and 

fnb (^1 , ' ' ' , X n 1 , Xn © 1 , ' ' ' , X\ ) . 

The action of e, is given by Sib = b' if and only if fib' = b. ipi and £j are given 

by 

n 

(p (b) = I - y^X x i +^t) + 2(Zci - xx) + , ip n (b) = x n , 



tfi(b) = Xi + (x i+ i - x i+ i) + , £i(b) = Xi + (xi+i - x i+ i)+, 
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for i = 1, 2, • • • , n — 1, and 

n 

e (b) = I - )Xxj +Xi) + 2(xi -xx)+, e n (b) = x n . 
i=i 

As before, (x) + = max(x, 0) and wt(b) = J2™ =0 (<Pi(b) — £j(6))Aj. In this case 
the automorphism er is given by 

a : (mo, mi, ■ ■ ■ ,m n ) i-> (m ,mi, • • • ,m n ), 

for A = £)" =0 m i^i- 

Choose 6(0) = (0, 0, ■ • • , 0) G B. Then tp(b(0)) = IA . The highest weight 
vector u\ with A = IA corresponds to the ground state path p = ■ ■ -<g)&fc<8>- • , 
where bk = b(0) for all k. We also have Xk = ZAo for all k. 

6.2 Description of Demazure crystals 

For A = ZA , 1 > 1, set d = 2n and choose the sequence {%£ ' \j > 1, 1 < a < 2n} 
dchncd as follows: 

■U) — f a ~ ■"•> 1 < a < n + 1, 

* a _ \2n+l-a, n + 2<a<2n. 



Theorem 6.1 For A = IA , with the above choice of ii and d, B satisfies 
(II), (III) and (IV). Furthermore, in this case, 

={(0, •••,())}, B%>=B, and 
Bi j) = {(xi,---,s„0,.--,0)} C B, l<a<n, 
B ( Jl a = {(xi, • • ■ , x n ,x n , ■ ■ ■ ,x n - a +i, 0, • ■ • , 0)} C B, 1 < a < n — 1. 



_ffere on eac/i se< cc^ 's and Xj 's run over non negative integers satisfying the 
conditions in (6.1). Also, bj are given as follows: 



6^ = (0,.--,0), 



and for 1 < a < n, 



= (0,.-.,0,i,0,.--,0), fe^ n = (0,---,0, j ,(),•••, 0). 

a ra-a+1 



Proof. For any j, we have Aj = ZAo, = (0, • • ■ , 0), ia — a— 1, i|f| a = n— a+1 
(1 < a < n). From the rule of /j, the determination of the subset Ba for 
0<a<n+lis easy. As Bi j) for n + 2 < a < 2n concerns, the determination 



21 



is just the same as Bit in section || Therefore, the condition (II) is valid with 
d = 2n. We have (Xj,h.u)) = (a ^ 1), = I (a = 1). Since e ((0, • • • , 0)) = I, 
(III) is also valid. 

( i) 

The calculation of &„ is simpler. From the rules of e% and ipi, we see 
sm) (&a } ) = 0, tp w (b [ a ] ) = I (a + d), 21 (a = d), (X j+1 ,h.<j+i)) = I and 

a + l a + 1 'l 

= fl Q b { p. Therefore, we have checked (IV). I 

1 case 

(2) 

In this section we give explicit descriptions of the -D^/j Demazure crystals 
B W (IA), I > 1, A = Ao,A„ (level one dominant weights) for a suitably chosen 
linearly ordered chain of Weyl group elements w 6 {w^\k > 0}. Our starting 
point is the perfect crystal B of lev el I whic h is isomorphic to B(0) © B(Ai) © 



B(lAi) as crystals for U q (B n ) KMN2 |. It is shown that the mixing index 



(2") 

f« = 1 in these cases. The Dynkin diagram -D„_j_i {n > 2) is shown in Figure 
0. The labels are the levels of the fundamental weights corresponding to the 
vertices. 



o^=o c^^o 

12 2 1 

(2) 

Figure 7: Dynkin diagram (n > 2) 



7.1 Description of the perfect crystal 



For any integer I > 1, we briefly recall the perfect crystal B from | KMN2 |. As 
a set, 



B 



(x 1 ,---,x n ,x ,x n ,---,xi) eZ"x {0,1} 



xo = or 1, Xi, Xi > 0, 



(7.1) 

The action of on B is defined as follows: For b = (x\ , • • • , x n , xq, x n , ■ ■ ■ , x\) € 
B, 



fob 
fib- 



(X\ + 1, X2, ■ ■ ■ ,xx) ifxx>xi, 
(xi, • • ■ ,x 2 ,xi - 1) ifxi<xi, 

(xi, ■ • ■ ,Xi - l,x i+ i + 1, • • ■ ,xi) if x i+ i > x i+ i, 

(xi, • • ■ ,X l+ i - 1,X,; + !,-•■ ,Xi) if < X i+ 1, 
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for i = 1, 2, • • • , n — 1, and 
fh = f (xi,---,x n -l,x + l,x n ,---,x~i) if :eo = 0, 
\ (xi, ■ ■ ■ ,x n ,x - l,x n + 1, ■ • ■ ,xi) ifx = l. 

The action of e,; is given by Sib — b' if and only if fib' = b. ipi and are given 

by 

n 

fo(b) = I ~ x - }^Xj +Xi) + 2(x! - xt)+, ip n (b) = 2x n + x , 

i=l 

tfi(b) = Xi + (x i+ i ~ x i+ i)+, £i{b) = Xi + (x i+ i - x~i+i)+, 
for i = 1, 2, • • • , n — 1, and 

n 

e (b) = I - x - )Xxj +Xi) + 2(xi -x 1 ) + , e n (b) = 2x n + x . 

i=l 

As before, (x)+ — max(x, 0) and wt(b) = 5Z™ =0 — In this case 

the automorphism er is given by 

er : (m ,TOi, • • • , m n ) i-> (mo, mi, • • • ,m„), 

for A = S™ =0 miAi. 

Choose 6(0) = (0, • • ■ , 0) 6 B, 6(n) = (0, ■ • • , 0, m, x , m, 0, • • • , 0) e B, where 
£o = e(0 an d m = i(Z — x ). Here e(i) is defined in (^). Then <p(b(i)) = lAi, 
i = 0, n. The highest weight vector u\ with A = lAi, i = 0, n corresponds to 
the ground state path p = ■ ■ ■ eg) bk <8> • • • <8> &i where 6fc = 6(i), i = 0, n for all fc. 
Furthermore A^ = Ihi, i — 0, n for all fc. 



7.2 Description of Demazure crystals 

For A = IKo, I > 1, set d = 2n and choose the sequence {i« |j > 1, 1 < a < 2n} 
defined as follows: 

■ {j) | a-1, 1 < a < n + 1, 

* a _ \ 2n + 1 - a, n + 2 < a < 2n. 



Theorem 7.1 For A = ZA , wrai/i i/ie above choice of ia and d, B satisfies 
(II), (III) and (IV). Furthermore, in this case, 

B^ ={(0, 0)}CB, B%>=B, and 

= {(x u ■ ■ ■ , x a , 0, • • • , 0)} C B, 1 < a < n, 
B n+ a = {(xi, ■ ■ ■ ,x n ,xo,x n , • • • ,x n _ o +i,0, •■•,0)}CB, 1 < a < n — 1. 
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Here on each set Xi 's and x% 's run over non negative integers satisfying the 
conditions in (7.1). Also, are given as follows: 



(0, — ,0), 



and for 1 < a < n, 



b<p = (o,---,o,z,o,---,o) ) ffL = (o,---,o, i A — ,Q) 



n — a+1 



Proof. The proof is similar to A. 



(2) 



Remark 7.1 For A = ?A n , can be seen similarly that Theorem 1.1 holds for 
the sequence {ia } given by 



n — a + 1, 1 < a < n + 1, 
— 71 — 1, n + 2 < a < 2n. 



8 case 

In this section we give explicit descriptions of the C^ 1 Demazure crystals 
B w (lAi), i = 0, n for a suitably chosen linearly ordered chain of Weyl group 
elements w S {ur fe )|fc > 0} using the perfect crystal B of level I (see jKKMQ 
which is isomorphic to B(0) © B(2A 1 ) © • ■ ■ © B(2l~A~i) as crystals for U q (C n ). 
It is shown that the mixing index n = 1 in these cases. The Dynkin diagram 
Cn (n > 2) is shown in Figure |[ The labels are the levels of the fundamental 
weights corresponding to the vertices. 



a 
i 



i 



1 



o 

1 



Figure 8: Dynkin diagram Cn (n > 2) 



8.1 Description of the perfect crystal 

For I > 1, we briefly recall the perfect crystal -B (see ]KKM | ) . As a set, 



B = < (xi, • • • ,x„,a; n , • • • ,a;i) e Z 



2)1 



2l>£? =1 (*i+2<)e2Z 



(8.1) 
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The action of fi on B is defined as follows: For b = (xi, • • • , x n , x n , ■ ■ ■ , xi) € B, 

(X\ + 2, X2, ■ ■ ■ ,X~2,Xi) i{xi>x\, 

f b={ (xi + l,x 2 ,- ■ -,x 2 ,xi - 1) ifx 1 =x 1 -l, 
(xi,X2, ■■■ ,x~2,x~i - 2) if x\ < x\ - 2, 

(xi, ■• -,Xi - l,x i+ i + 1, • • • ,xi) if Xj+i > x i+ i, 
(xi, • • • ,x m - l,x t + 1, • • • ,xi) if x i+ i < x i+ i, 
for i = 1, 2, • • • , n — 1, and 



fib 



The action of is given by efi = b' if and only if fib' = b. ipi and Ei are given 
by 

1 " 

(p (b) = I - - ^2(xi + x^ + (xi - xi) + , ip n (b) = x n , 

ipi(b) =Xi + (x i+ i - x,+i)+, Si(b) = x, t + (x i+1 - x i+ i)+, 
for i = 1, 2, • • • , n — 1, and 
1 ™ 

e (6) = 2 - -^(1,+^,) + (xi - xi)+, e„(6) = x n . 

i=l 

Recall (x) + = max(x,0) and wt(b) — X^ILo^W — £i(b))Ai. In this case the 
automorphism a is given by 

a : (m , mi, • • • , m„) i-> (m , mi, • • • , m„), 

for A = Yh=o m i^-i- 

Choose 6(0) = (0, • • • , 0) G B and b(n) = (0, I 0) e B. Then 

n n 

f{b(i)) = lAi, i = 0,n. The highest weight vector ?ia with A = ZAi, z = 0,n 
corresponds to the ground state path p = ■ ■ ■ <g> bk <S> ■ ■ ■ <S> bi, where bk = b(i), 
i = 0, n for all fc. Furthermore, for all fc, A& = ZA^ , i = 0, n. 



8.2 Description of Demazure crystals 



For A = ZA , 1 > 1, set d = 2n and choose the sequence {ia ^ \j > 1, 1 < a < 2n} 
defined as follows: 

(j) _ J a-1, 1 < a < n + 1, 

" 2n+l-a, n + 2 < a < 2n. 

Theorem 8.1 For A = ZA 0; wit/i the above choice of and d, B satisfies 
(II), (III) and (IV). Furthermore, in this case, 



4 )) = {(0--,0)}CB, B$=B, 
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BV> = {(xi, • • • , i o ,0, • • • , 0)} C B, l<a<n, 

B n+ a = {( x i, ' ' ■ ,x n ,x n , ■ ■ ■ ,x n _ o+ i,0, •••,0)}CB, 1 < a < rc - 1. 



_ffere on eac/i se£ Xj 's and Xi 's run over non negative integers satisfying the 
conditions in (8.1). Also, ba^ are given as follows: 

6^ = (0,---,0), 

and for 1 < a < n, 

b<p = (0,--.,0,2Z,0,.--,0) ) fe^q=(0,--- > 0, 2Z ,(),■■■, 0). 

a n-a+l 

Proof. The proof is similar to . I 



Remark 8.1 For A = lA n , it can be seen similarly that Theorem 1.1 holds for 
the sequence {ia } given by, 



& = 



n — a + 1, 1 < a < n + 1, 
— n — 1, ?i + 2 < a < 2n. 



9 Discussion 



In this section, we discuss three topics: An interesting example from the 
case, k = 2 conjecture, and the classical invariance of affine Demazure modules. 
For this purpose, we briefly review the situation of the mixing index k = 2. Let 
us recall the definition of Ba (j ' > 1, < a < d) in section 1.3. We also define 
a subset B [ J +l ' j) (J > 1, < a < d) of B ® B by 



= |J.C /'VV I'M (a =i, •••,<*)• 



'^(3 + 1)^ 

ri>0 

Replace the condition (II) by 

(II') For any j > 1, B { J +1 ' i} = <g> B. 

Note that £?j _B in general. Then the corresponding theorem turns out to 
be 



Theorem 9.1 ([KMOU]) Under the assumptions (I, II', III, IV), we have 

u Xl »Bi l) if 3 = 1, 

u Xj <g> B^' j ~ 1] <g> B®W- 2 ) if j > 2. 



2G 



We move to the first topic. Let us consider the case of g = C [ n ] . We set 

A = lAi (i =/= 0,rc.), and try to find a sequence {w^ k '} for the perfect crystal B 

(i) 

in section 8 satisfying B*r J = B, i.e., k = 1. Take n = 2,1 = l,i = 1. Even 
in this simplest case, it is impossible to find such a sequence, but we can easily 
find a sequence satisfying B^J +1 ^ = Bj J ® B, i.e., n — 2. Checking a few 
more examples leads to a conjecture that this should be true for any n, I and i 
0,n). Now let us choose an other pe rfect crystal B', which is isomorphic to 
B(lA n ) as U q (C n ) crystal (see KMN2| ). Then it appears in this case that for 



A = lAi (0 < i < n) we can find a sequence with k = 1. This shows that the 
mixing index may depend on the choice of the perfect crystals. 

We explain what we call k = 2 conjecture. This originates from a natural 
question how the mixing index changes when we change the highest weight A 
from IAq keeping the sequence {w^} unchanged. Several simple examples and 
computations at the character level lead us to the following conjecture. 

Conjecture 9.1 Let B be a perfect crystal. If the sequence of Weyl group 
elements {w^ k '} satisfies the conditions (II), (III) and (IV) for A = ZAo, then 
the conditions (IF) and (III) are also satisfied for any level I dominant integral 
weight A. 

This conjecture has been proved for the case of Q = An , B = B(IA±) (as 



U q {A n ) crystal) in [KMOU|. It is easy to prove for the cases treated in the 
remarks of each section. (Note that in the remarks {w^} is changed according 
to the change in the highest weights, whereas in the conjecture {w^ k '} is the 
same as in the case of lAo.) 

In pCMOTUl] , we have shown the classical invariance of the Demazure mod- 
ule V w (Ld) {lAo) for the case of g = ■ In a similar manner, we can also show 
the classical invariance for the cases treated in this paper. Let V be the finite 
dimensional L^(g)-module corresponding to the perfect crystal B. Then we have 
the following isomorphism. 

V w (L d) (lA ) ~ V® L as C/ g (fl A{ii} )-modules. 

Here 0/\{i} is the finite dimensional simple Lie algebra corresponding to the 
Dynkin diagram obtained by removing the vertex i, and ih is determined from 
er L (Ao) = A iL . Note that U q (Qj\{ iL y) can be viewed as a subalgebra of U q (g) in 
the canonical way. 

We have seen in this paper that a perfect crystal B is intimately related to a 
sequence of Weyl group elements {w 1 -^}, and the Demazure crystal B w (k)(lAo) 
is well described in terms of paths. Denote by B m ' 1 , if it exists, the level I 
perfect crystal which is isomorphic to B(lj m A m ) © ■•■ as U q (gj^ j) crystal. 
(7,„ is some positive integer. In all known cases, 7 m = max(l, a m /a m ), where 
ai (resp. a t v ) is defined by 8 — Yliel ai0il ( res P- c = J2iei a 7 a i)-) Then it 
appears that the sequence {w^} does not depend on /. However, as seen in the 
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An case, it is considered that the sequence does depend on m. This motivates 
the search for new perfect crystals. We also think it important to investigate 
Demazure characters and clarify their relation to Kostka type polynomials and q- 



analogues of products of the classical characters. In ]KMOTUl| , we have picked 



the A„ case, and discussed the relation between the Demazure character and 
the product of Schur functions or the Kostka-Foulkes polynomial. We hope the 
classical invariance discussed here shed new light on the investigation of these 
polynomials. We give a unified treatment of level one Demazure characters in 



terms of one dimensional configuration sums in another publication [KMOTU2| 
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